1 have revealed the evidence of nodal-line superconductivity in half-Heusler superconductors, e.g. YPtBi. Theories have suggested the topological nature of such nodal-line superconductivity and proposed the existence of surface Majorana flat bands on the (111) surface of half-Heusler superconductors. Due to the divergent density of states of the surface Majorana flat bands, the interaction and impurity play an essential role in determining the surface properties. In this work, we studied the interaction and impurity effect on the surface Majorana flat bands on the (111) surface of half-Heusler superconductors based on the Luttinger model. To be specific, we consider the topological nodal-line superconducting phase induced by singlet-quintet pairing mixing. We classify all the possible translationally invariant order parameters for the surface states according to irreducible representations of C3v point group and demonstrate that any energetically favorable order parameter needs to break time-reversal symmetry. We further discuss the energy splitting in the energy spectrum of surface Majorana flat bands induced by different order parameters and non-magnetic or magnetic impurities. We proposed that the splitting in the energy spectrum can serve as the fingerprint of the pairing symmetry and mean-field order parameters. Our theoretical prediction can be examined in the future scanning tunneling microscopy experiments.
I. Introduction
Recent years have witnessed increasing research interests in Half-Heusler compounds (RPdBi or RPtBi with R a rare-earth element)
2 due to their non-trivial band topology [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , magnetism [17] [18] [19] [20] [21] [22] [23] [24] [25] and unconventional superconductivity 1, 17, [20] [21] [22] [26] [27] [28] [29] [30] [31] [32] [33] . Half-Heusler superconductors (SCs) are of particular interest because of the low carrier density(10 18 ∼ 10 19 cm −3 ), power-law temperature dependence of London penetration depth and large upper critical field. Furthermore, it was theoretically proposed that electrons near Fermi level in halfHeusler SCs possess total angular momentum j = 1,34 Therefore, half-Heusler SCs provide a great platform to study the superconductivity of j = 3 2 fermions. Such j = 3 2 fermions were also studied in anti-perovskite materials 35 and the cold atom system 36, 37 . Due to the j = 3 2 nature, the spin of Cooper pairs can take four values: S = 0 (singlet), 1 (triplet), 2 (quintet) and 3 (septet), among which spin-quintet and septet Cooper pairs cannot appear for spin-1 2 electrons. In order to understand the unconventional superconductivity, various pairing states were proposed, including mixed singlet-septet pairing 1, 34, 38, 39 , mixed singletquintet pairing [40] [41] [42] , s-wave quintet pairing 34, 39, 43, 44 , dwave quintet pairing 45, 46 , odd-parity (triplet and septet) parings [45] [46] [47] [48] , et al 46, 49 . In particular, Ref. [1, 34, [38] [39] [40] [41] [42] proposed that the power-law temperature dependence of London penetration depth could be explained by topological nodal-line superconductivity (TNLS) generated by the pairing mixing between different spin channels. In particular, it has been shown that two types of pairing mixing states, the singlet-quintet mixing and singletseptet mixing, both can give rise to nodal lines in certain parameter regimes. As a consequence of TNLS, the Majorana flat bands (MFBs) are expected to exist on the surface perpendicular to certain directions. Such surface MFBs (SMFBs) are expected to show divergent quasi-particle density of states (DOS) at the Fermi energy and thus can be directly probed through experimental techniques, such as scanning tunneling microscopy (STM). Due to the divergent DOS, certain types of interaction [50] [51] [52] [53] and surface impurities [54] [55] [56] are expected to have a strong influence on SMFBs. This motivates us to explore the interaction and impurity effects on the SMFBs of the superconducting Luttinger model with the singlet-quintet mixing, which was proposed in Ref. [40] . Specifically, we classified all the mean-field translationally invariant order parameters of the SMFBs according to the irreducible representations(IRs) of C 3v group, identified their possible physical origins, and showed their energy spectrum by calculating the corresponding DOS. We found that the order parameter needs to break the time-reversal(TR) symmetry in order to either gap out the SMFBs or convert the SMFBs to nodal-lines or nodal points. We also studied the quasi-particle local DOS (LDOS) of SMFBs with a surface charge impurity or a surface magnetic impurity with the magnetic moment perpendicular to the surface, and showed that the peak splitting induced by different types of impurities can help to distinguish the pairing symmetries and order parameters.
The rest of the paper is organized as the following. In Sec.II and III, we briefly review the superconducting Luttinger model with singlet-quintet mixing and illustrate the symmetry properties of SMFBs. In Sec.IV, we classify all the mean-field translationally invariant order parameters according to the IRs of C 3v and identify their physical origin. We also calculate the energy spectrum and DOS of SMFBs with different order parameters. In Sec.V, the impurity effect on the LDOS of MFBs with/without the order parameter is discussed. Finally, fermionic excitations,
, h(k) is the Luttinger model 4,40,57,58
∆(k) is the pairing matrix containing s-wave singlet and isotropic d-wave quintet channels
µ is the chemical potential, c 1 , c 2 indicate the strength of the centrosymmetric spin orbital coupling(SOC) which is the coupling between the orbital and the 3/2-"spin", dwave cubic harmonics g k,i and five Γ matrices are shown in Appendix.A, ∆ 0,1 are order parameters of singlet and quintet channels, respectively, a is the lattice constant of the material, and γ = −Γ 1 Γ 3 is the TR matrix. Next we will discuss the symmetry properties of the Hamiltonian. Since h(k) has the point group symmetry O(3)(O h ) for c 1 = c 2 (c 1 = c 2 ) and ∆(k) is invariant under the O(3) symmetry, H has the O(3)(O h ) symmetry for c 1 = c 2 (c 1 = c 2 ). As discussed in Ref. [40] , H also has time-reversal (TR) symmetry. Due to the coexistence of TR and inversion symmetries, the Luttinger model h(k) has two doubly degenerate bands ξ ± (k) = k 2 /(2m ± ) − µ, where m ± = m m ± are effective masses of two bands, m ± = 1/(1 ± 2mQ c ),
2 . In addition, particle-hole (PH) symmetry can be defined as
for the BdG Hamiltonian, where C = τ x and τ x is the Pauli matrix for the PH index. Combining the PH and TR symmetries, we have the chiral symmetry −χh BdG (k)χ † = h BdG (k), where χ = iT C * and T = diag(γ, γ * ) is the TR matrix on the Nambu bases. The representations of other symmetry operators are shown in Appendix.B. This is the distribution of SMFBs for |2m|c1 = 0.8, |2m|c2 = 0.5, ∆0/|µ| = 1 and ∆1/|µ| = 1.6, where ∆0 = sgn(c1)∆0, ∆1 = 2mµa 2 ∆1 andk1,2 = k1,2/ √ 2mµ. The surface zero modes in red(orange) regions have 1(−1) chiral eigenvalue, and A lc,lχ 's are labeled according to the convention. The dashed lines are given by k ,1 = 0 and k ,2 = ±k ,1/2, where the surface zero modes cannot exist.
III. Surface Majorana Flat Bands
As done in Ref. [40] , we assume µ < 0, m < 0 and c 1 c 2 > 0. In addition, we assume c 1 = c 2 and focus on the case where m ± < 0 and SMFBs can exist on the (111) surface. 40 To solve for SMFBs, we consider a semi-infinite configuration (x ⊥ < 0) of Eq.1 along the (111) direction with an open boundary condition at the x ⊥ = 0 surface, where x ⊥ labels the position along (111). In this case, the point group is reduced from O h to C 3v , which is generated by three-fold rotationĈ 3 along the (111) direction and the mirror operationΠ perpendicular to the (110) direction. Although the translational invaraince along (111) is broken, the momentum k that lies inside the (111) plane is still a good quantum number, and we define k ,1 and k ,2 along the (112) and (110) directions, respectively. Following Ref. [40] , we find that SMFBs can exist in certain regions, denoted as A in Fig.1 , in the surface Brillouin zone, and originate from the non-trivial onedimensional AIII bulk topological invariant (N w = ±2) due to chiral symmetry for certain momentum k . At each k ∈ A, the semi-infinite model has two orthonormal solutions of zero energy, which are localized near the x ⊥ = 0 surface, have the same chrial eigenvalues and are labeled by the creation operator b † i,k is the same as b † i,Rk , but opposite to b † i,−k , where R ∈ C 3v . As a result, the surface modes cannot exist on k ,1 = 0 and k ,2 = ±k ,1 /2 lines, and thereby the region A is divided into six patches, labeled by A lχ,lc , where l χ = ± stand for the chiral eigenvalues ±1, l c = 1, 2, 3 label three patches related byĈ 3 rotation, and A lχ,3 is chosen to be symmetric under mirror operation perpendicular to (110), i.e. k ,2 → −k ,2 (see Fig.1 ). Due to the PH symmetry, the surface zero modes at ±k are related by
where δ χ k = ±1 for k ∈ A ± marks the chiral eigenvalue of the surface zero modes and A ± = ∪ lc A ±,lc . TR and C 3v symmetries imply δ Due to the divergent DOS, the interaction may result in the instability and give rise to a gap of SMFBs. In this section, we will present a classification of the possible mean-field order parameters on the (111) surface and study the influence of order parameters on the energy spectrum of SMFBs. Here we focus on the order parameters that preserve the in-plane translation symmetry. In this case, the general form of fermion-bilinear terms for SMFBs can be constructed as
where m(k ) is a 2 × 2 Hermitian matrix. The PH symmetry (Eq.7) requires that m(k ) satisfies the relation m(k ) = −σ 2 m T (−k )σ 2 up to a shift of ground state energy. According to Eq.6, TR symmetry requires
Combining PH and TR symmetries, which is equivalent to the chiral symmetry, leads to m(k ) = 0. Thus, the existence of a non-vanishing fermion bilinear term m(k ) for the SMFBs requires the breaking of TR symmetry, i.e.
In addition, the C 3v point group symmetry can also be spontaneously broken by these fermion-bilinear terms and we can classify these order parameters according to the IR of C 3v , of which the character table (Tab.II) is shown in Appendix.A. Since C 3v has three IRs A 1 , A 2 and E, Eq.8 can be expressed as the linear combination of the three corresponding parts
The A 1 term m A1 (k ) preserves C 3v symmetry, the A 2 term m A2 (k ) preservesĈ 3 symmetry but has odd mirror parity, while the
, one of the three mirrors is preserved but theĈ 3 is broken).
Next we will illustrate the physical origin of each term in Eq.9 by considering the following on-site mean-field Hamiltonian that are independent of k
. Eq.8 can be obtained by projecting the above Hamiltonian onto the surface, and such projection will not change the symmetry properties. Since m(k ) must be TR odd in order to be non-vanishing, it requires M (x ⊥ ) and D(x ⊥ ) to be TR odd. Furthermore, M and D can also be classified into different IRs of C 3v :
and
where M β (x ⊥ ) and D β (x ⊥ ) can only give rise to m β (k ) in Eq.9 with β = A 1 , A 2 , E. (See Appendix.D for details.) Concretely, we have
where n i 's are listed in Tab.III of Appendix.A, and ζ j (x ⊥ )'s are real. Physically, n 0 γ corresponds to the singlet pairing, n 1 γ, n 6 γ and n 7 γ generate quintet pairings, and n 4 , n 8,1 , n 8,2 give FM in (111), (110) and (112) directions, respectively. Since n 2 , n 3 , n 5 , n 9 and n 10 can be represented by the linear combinations of c † k ,x ⊥ S 3m c k ,x ⊥ with the septet spin tensor S 3m (m = −3, −2, ..., 3), we dub these terms spin-septet order parameters. As a summary, m A1 (k ) can be generated by singlet pairing, quintet pairing and the spin-septet order parameter, m A2 (k ) can be generated by (111)-directional ferromagnetism(FM) and the spin-septet order parameter, and m E (k ) can be generated by the quintet pairing, the FM perpendicular to the (111) direction and the spin-septet order parameter.
In the following, we focus on the order parameters that are independent of k in any one of six surface mode regions A lχ,lc 's. In this case, Eq.9 can be expanded as
where f 
Here all m j 's are real. With Eq.15-17, we can discuss the energy spectrum and LDOS of SMFBs after including these order parameters. Due to the PH symmetry, only half of the energy spectrum (non-negative energy part) gives the quasi-particle LDOS of SMFBs. Experimentally, the LDOS can be probed by the tunneling conductance of STM, which will symmetrically distribute with
(λ8, −λ3)
(λ5 + λ7,
, λ4 − λ6) + + + is defined as
,χ, Πχ and Rc = TcK, CcK, χc, C3,c, Πc for TR, PH, χ, C3 and Π, respectively, and K is the complex conjugate operation. The parity α = ± is defined as X → αX under the operation of TR, PH or χ and thus being TR, PH and χ symmetric correspond to α = +, −, −, respectively. lχ = ±, lc = 1, 2, 3 and δ lχlc k is equal to 1 if k ∈ A lχ,lc and 0 otherwise. (δ
and (δ
respect to the zero energy 59 . Therefore, we will discuss the full spectrum for LDOS of SMFBs below. Since the order parameters in each patch are k -independent, we choose the mode at the geometric center K lχ,lc of each patch A lχ,lc as the representative mode. It means that the "degeneracy" discussed below only refers to the extra degeneracy determined by the symmetry, but does not include the large degeneracy given by the flatness of the dispersion in each patch A lχ,lc . For convenience, we define the creation operator
lχ ,lc to label the representative mode in the patch A lχ,lc with the pseudo-spin index i. Since only the uniform order parameters are considered, l χ and l c are good quantum numbers, while different pseudo-spin components (the σ l part) are typically coupled by the order parameter m(k ). Thus, we introduce the band index s = ±, and the eigen-mode is labelled by b † s,lχ,lc = i X s,lχ,lc i
with m(K lχ,lc )X s,lχ,lc = E s,lχ,lc X s,lχ,lc . Without any order parameters, all these 12 modes, including 6 patches and 2 pseudospin components, are degenerate and thus the SMFBs has a zero-bias peak for LDOS, as shown in Fig.2a . For the A 1 order m A1 (k ), the eigen-energies are given by m 1 δ χ k ± |m 2 |, and once |m 1 | = |m 2 |, all the zero energy peaks will be split for SMFBs . As a result, the LDOS of the A 1 order parameter typically has 4 peaks shown in Fig.2b . This peak structure of LDOS can be understood from symmetry consideration. Due to the breaking of TR symmetry, as well as the chiral symmetry, we only need to consider the the point group symmetry C 3v . As mentioned before, any operation in C 3v does not change the l χ index. Moreover, since A 1 order parameter is C 3v invariant, the band index s cannot be changed either. The C 3 rotation only transforms the l c = 1, 2, 3 index counter-clockwise, resulting in the three-fold degeneracy among the eigenmodes b † s,lχ,lc with the same s and l χ , but with three different l c = 1, 2, 3. On the other hand, Π interchanges l c = 1, 2 and makes sure b † s,lχ,1 has the same energy as b † s,lχ,2 , meaning that Π does not give extra constraints compared with C 3 . Thus, there are 4 peaks in the LDOS of the A 1 order parameter with each peak of 3-fold degeneracy. For the A 2 order parameter m A2 (k ), the eigenenergies are given by ± m 2 3 + m 2 4 , leading to 2 peaks in the LDOS (Fig.2c) , resulted from the six-fold degeneracy of each eigen-energy due to the symmetry. Among the six-fold degeneracy, three-fold degeneracy is due to translational invariance and C 3 symmetry as the A 1 order parameter, meaning that b † s,lχ,lc 's with the same s, l χ but different l c have the same energy. The remaining double degeneracy originates from the combination of the odd mirror parity of the A 2 order parameter and the PH symmetry, i.e.
This combined symmetry does not change the band index s, but transforms l χ as + ↔ − and l c as 1 ↔ 2. As a result, b † s,±,lc with fixed s and l c also have the same energy, giving the extra double degeneracy. For the E order parameter m E (k ), the eigen-energies are lχ,lc (l χmlc ±m lc )δ lχ,lc k , wherē
(a), (b), (c) and (d) show the LDOS (D|µ|) on the (111) surface as a function of the energy (E/|µ|) without any order parameters, with the A1 order parameter, with the A2 order parameter and with the E order parameter, respectively. Due to PH symmetry, only non-negative-energy half of the LDOS is physical. The broadening of each peak is plotted via Gaussian distribution with standard deviation being 10 −3 .The parameters choices for each order if exist are m1/|µ| = 0.05 and m2/|µ| = 0.1 for the A1 order parameter (15) , m3/|µ| = 0.05 and m4/|µ| = −0.1 for the A2 order parameter (16) , and m5/|µ| = (0.01, 0.02),m6/|µ| = (0.03, 0.04),m7/|µ| = (0.05, 0.06) and m8/|µ| = (0.07, 0.08) for the E order parameter (17) .
. Therefore, all the modes are typically split for the E order and the corresponding LDOS generally has 12 peaks shown in Fig.2d .
To sum up, we have classified all the TR-odd uniform surface order parameters according to the IRs of C 3v , i.e. A 1 , A 2 and E. Physically, the A 1 order parameter can be generated by singlet pairing, quintet pairing and the spin-septet order parameter, the A 2 order parameter can be generated by (111)-directional FM and the spin-septet order parameter, and the E order parameter can be generated by the quintet pairing, FM perpendicular to the (111) direction and the spin-septet order parameter. To the leading order approximation where the surface order parameters are independent of k in each of the surface mode regions, we find the SMFBs can be generally gapped out by these order parameters, and some gapless modes are only possible for certain finely tuned values of parameters of A 1 and E terms. Furthermore, we find that the LDOS structure of SMFBs with the A 1 , A 2 and E order parameters is typically split from one zero-bias peak into 4, 2, 12 peaks symmetrically distributed around the zero energy, respectively, as summarized in Fig.4 . If including the momentum dependence of the surface order in each surface region, it can broaden the LDOS peaks in Fig.2 . In addition, the momentum dependence may also lead to the existence of arcs of surface zero modes in certain small parameter regions as discussed Appendix.E.
V. Impurity Effect
In this section, we will study the effect of surface nonmagnetic and magnetic impurities. The effect of nonmagnetic impurity on SMFBs in the absence of the meanfield order parameters has been studied in Ref. [54] [55] [56] . It was found that any non-magnetic impurity can generally induce a local gap for the SMFBs of DIII TNLS. Our work here aims in understanding how the LDOS of SMFBs is split around a single non-magnetic or magnetic impurity in the absence/presence of the mean-field order parameters. To consider the local potential, we first need to transform SMFBs to the real space with
The momentum summation here is limited into the surface mode region A lχ,lc . Under the symmetry operations, the indexes i, l χ , l c of b † lχ,lc,i,r defined here are transformed in the same way as those of b † i,lχ,lc defined in Sec.IV. We adopt the following approximation
As a result, we have
Further, we define 
, we next consider the Hamiltonian for the effect of a surface impurity on the SMFBs , given by
where M V (r ) is Hermitian, PH symmetry requires
's listed in Tab.I. Such symmetry properties can determine the number of LDOS peaks. Similar as Sec.IV, the LDOS discussed here is based on the full spectrum of M V (r ), of which only the half with non-negative energy is physical. In the following, we will consider the LDOS at the impurity position r = 0. Moreover, we focus on two types of impurities: (i) non-magnetic charge impurity, and (ii) magnetic impurity with magnetization along the (111) direction. 
where η 1,...,8 are real. Below we will examine the LDOS on a single charge impurity for SMFBs and compare the case without any order parameter to the cases with A 1 (15), A 2 (16) and E (17) order parameters. The LDOS around charge impurity is shown in Figs.3a-d , which reveal the following features. (1) Since PH symmetry exists in all the cases, the LDOS is always symmetric with respect to zero energy. (2) If no order parameters exist, there are six peaks (Figs.3a) , given by the TR protected double degeneracy of each eigenvalue of M c according to the Kramer's degeneracy. (3) In the presence of the A 1 order parameter, 8 peaks exist on the impurity (Fig.3b) . The reason is the following. Since the translational invariance is absent, the modes with different l χ or l c are coupled by the charge impurity, and the three-fold degeneracy for the pure A 1 order parameter case is lifted. On the other hand, the appearance of the order parameter
The LDOS (D|µ|) as a function of the energy (E/|µ|) with surface impurities. The two rows from top to bottom are at a surface charge impurity and at a surface magnetic impurity, respectively. The four columns from left to right correspond to no order parameters, A1 order parameter, A2 order parameter and E order parameter, respectively. The broadening of each peak and the parameters choices for the orders if exist are the same as Fig.2 . The potential form of the charge or magnetic impurity is shown in Appendix.F.
breaks the TR symmetry. Now we analyze the degeneracy given by the remaining C 3v on the impurity. For convenience, we choose the eigen-bases ofĈ 3 rotation, under which the representation C 3,d takes a diagonal form 
with
The mirror symmetry gives U Π h 3 U † Π = h 1 and U Π h 2 U † Π = h 2 , which means the eigenvalues of h 1 are the same as those of h 3 . In fact, the representations of symmetry operations show that the bases of h 1 and h 3 belong to two dimensional IRs of C 3v while those of h 2 belong to one dimensional IRs of C 3v . Therefore, M c + M A1 has four doubly degenerate and four single eigenvalues, resulting in the 8 LDOS peaks. (4) The 12 LDOS peaks exist at the impurity with the A 2 order parameter (Fig.3c) since the translational invariance and the odd mirror parity of the A 2 order parameter are broken by impurity, and there are no symmetries ensuring any degeneracy. (5) The 12 LDOS peaks around the impurity with the E order parameter (Fig.3d) are because no new symmetries are brought by the impurity. In addition, since the order parameters are all chiral anti-symmetric while the charge impurity is chiral symmetric, the sign change of the charge still does not affect the LDOS peaks. Fig.2,3 is determined by the symmetry. The solid black lines indicate the LDOS peaks. A1, A2 and E stand for the surface order parameters, and Vc and Vm denote the charge and magnetic impurity, respectively. "Deg" indicates the symmetry protected degeneracy of the each LDOS peak, except the case marked by (*) where only half of the eight peaks have the double degeneracy. If Deg > 1, the line below shows the crucial symmetries that account for the degeneracy. Here Π − means odd mirror parity, T means the translational invariance, and the origin for the rotation C3 or mirror Π is located at the impurity center. The red lines crossing the symmetry operations indicate the breaking of the corresponding symmetries.
FIG. 4. This graph shows how the number of LDOS peaks shown in
For a magnetic impurity with magnetic momentum along (111) direction, the Hermitian and PH symmetric M V (r = 0) = M m has odd TR parity 
where η 9,...,14 are real. Figs.3e-h show the LDOS around the magnetic impurity and reveal the following features.
(1) PH symmetry again ensures that the LDOS is always symmetric with respect to zero energy and the E order parameter still has 12 LDOS peaks at the magnetic impurity since no new symmetries appear. (Fig.3h) (2) If no order parameters exist, there are six peaks (Figs.3e) , resulted from the double degenracy given by the combination of the PH symmetry and oddΠ parity. The reason is following. The combination of the PH symmetry and odd Π parity gives
, each eigenvalue of M m must be doubly degenerate (similar to Kramer's theorem). (3) The original 4 peaks of the A 1 order are splitted into 12 peaks since the magnetic impurity breaks the translational invariance andΠ symmetry (Fig.3f) . (4) As shown in Fig.3g , the 6 LDOS peaks of the magnetic impurity remain in the presence of the A 2 order since the PH symmetry and oddΠ parity are not broken. Besides, the flipping the direction of the magnetic moment flips, i.e. M m → −M m , does not affect the LDOS distribution in presence of the A 1 order parameter, since the A 1 order hasΠ symmetry while M m has oddΠ parity.
To sum up, the number of LDOS peaks at a charge impurity or a magnetic impurity with magnetic moment in (111) direction is 6 or 6 for no order parameters, 8 or 12 for the A 1 order parameter, 12 or 6 for the A 2 order parameter, and 12 or 12 for the E order parameter, respectively, as summarized in Fig.4 . Combining the above results with the LDOS peaks without impurity given in Sec.IV, it is more than enough to identify the order parameters in our system. In the above analysis, we adopted the approximation (19) , only considered translationally invariant orders that are k -independent in each surface mode region and assumed the surface mode wavefunctions are k -independent in each surface mode region to deal with the impurity. Those approximations neglect high-order effects which typically can only broaden the LDOS peaks without affecting the qualitative result.
VI. Conclusion and Discussion
In this work, we studied the energy spectrum (or LDOS) of the SMFBs localized on (111) surface of the half-Heusler SCs with translationally invariant order parameters or magnetic/non-magnetic impurities based on the Luttinger model with singlet-quintet mixing. Our work demonstrates the zero-bias peak of SMFBs can be split to reveal a rich peak structure when different types of order parameters induced by interaction or magnet/non-magnetic impurities are introduced. Such peak structure can be viewed as a fingerprint to distinguish different types of order parameters in the standard STM experiments. In addition, we notice that the SMFBs induced by singlet-septet mixing proposed in Ref. 34 possess six patches without any additional pseudospin degeneracy in the surface Brillouin zone (see Fig.5a and the discussion in Ref. [39] ). Due to the different number of degeneracy, we expect the peak structures due to the order parameters and magnetic/non-magnetic impurities will be different in two cases, which thereby may help distinguish the singlet-quintet mixing from the singlet-septet mixing in experiments.
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where V is the total volume of the entire space. The five d-orbital cubic harmonics read
The j = 3 2 angular momentum matrices are
The five Gamma matrices are
Clearly, {Γ a , Γ b } = 2δ ab Γ 0 where Γ 0 is the 4 by 4 identity matrix. 
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C3v TR The list of Gell-Mann matrices 
And λ 0 is defined as the 3 × 3 identity matrix.
Appendix B Representations of Symmetry Operators
In this section, we show the representation of symmetry operators on the c † k bases and the Nambu bases.
Before showing the representation, we define the following notations:P F is the fermion parity operator,T x with
T x c † kT
P c † kP
Πc † kΠ
T c † kT
where
2 ) and Πk = (k y , k x , k z ).
2 The Nambu Baseŝ
P Ψ † kP
T Ψ † kT
* ) and T = diag(γ, γ * ). C 3 , Π, T K and CK commute with each other, where K is the complex conjugate operation. χ anti-commutes with T K and CK and commutes with C 3 and Π.
is the unitary matrix that diagonalizes χ:
,
The TR and PH matrices in the chiral representation read
In the chiral representation, both TR and PH symmetries give the same condition on q:
T with u(w) corresponding to chiral eigen-wavefunction with chiral eigenvalues 1(−1), Eq.52 can be expressed as
Since
. Combined with TR, the equation of u in Eq.60 can be transformed to
Since u k ,x ⊥ = 0 for x ⊥ = 0, −∞ which means γ T u * k ,−x ⊥ = 0 for x ⊥ = 0, +∞, the above equation is the same as the equation of w except that the open boundary conditions are at x ⊥ = 0, +∞. Therefore, we can solve the equation of w in Eq.60, i.e.
with w k ,0 = w k ,−∞ = 0 to have the solutions of w and with w k ,0 = w k ,∞ = 0 to have the solutions of u by u k ,x ⊥ = γw * k ,−x ⊥ . With the ansatz w k ,x ⊥ = e λx ⊥w k , the Eq.62 becomes 
, 0)) with chiral eigenvalue −1 (1) . Therefore, the generic number of surface zero modes at a fixed k on one surface, if exist, is two and those two modes are chiral eigenstates of the same chiral eigenvalues.
Symmetries of Surface Zero Modes
Now we will show the symmetry properties of the surface zero modes. We take v i,k ,x ⊥ with i = 1, 2 as the two orthonormal surface wavefunctions that satisfies Eq.51 at k with the boundary conditions. Orthonormality requires
The creation operators of surface modes read
and the orthonormal condition of v i,k ,x ⊥ leads to the anti-commutation relations
The effective Hamiltonian for the surface zero modes can thus be expressed as
where A stands for the entire surface mode regions in the surface Brillouin zone, E surf = 0 and
= e ik ·x b k . Due to the TR symmetry, two orthonormal surface wavefunctions v i,−k ,x ⊥ at −k can be given by the linear combinations of T v * i,k ,x ⊥ . Due to {T K, χ} = 0, v i,−k ,x ⊥ and v i,k ,x ⊥ have opposite chiral eigenvalues. It means that A ± can be related by k → −k , where A ± are the surface mode regions in the k space that are filled with the momenta of surface zero modes with chiral eigenvalue ±1, respectively. Based on the same logic, C 3v symmetries gives that v i,C3k ,x ⊥ are linear combinations of C 3 v i,k ,x ⊥ and v i,Πk ,x ⊥ are linear combinations of Πv i,k ,x ⊥ . Furthermore, since χ commutes with any operation in C 3v , v i,C3k ,x ⊥ 's and v i,Πk ,x ⊥ 's have the same chiral eigenvalue as v i,k ,x ⊥ , meaning that both A + and A − are C 3v symmetric. The representations of T ,Ĉ 3 andΠ rely on the convention that we choose for v i,k ,x ⊥ 's. For convenience, we choose a special convention such that
As a result, b † k imitates a j = 1/2 fermion:
where σ 1,2,3 are Pauli matrices for the double degeneracy of the surface modes. And we can treat the double degeneracy of the surface modes as the pseudospin of the surface modes. Since the PH symmetry is related with TR and chiral symmetries by χ = iT C * , we have
where Furthermore, using Ψ the orders within each A lχlc is considered, it is possible that MZMs exist at lines in the surface mode regions. To illustrate that, we consider the A 2 order parameter to the linear order of momentum, which has no MZMs according to the analysis in Sec.IV. To take into account the momentum dependence inside A lχ,lc , we define K lχ,lc to be the geometric center of A lχ,lc , and define 
where K +,3 ,2 = 0 is used. In the following, we assume B 1,2,3,4 = 0. Using C 3v and PH symmetries, we have h and PH symmetries as mentioned before. In the plot, we assume only surface order is formed and the bulk nodal lines as well as the boundaries of surface mode regions do not change. Such distribution of Majorana arcs is possible to be generated by surface FM along the (111) direction since it is an A 2 order parameter.
Next we consider how the E order parameter changes the distribution of Majorana arcs. Suppose the surface Majorana arcs exist for the A 2 order which is given by surface FM in the (111) direction. In this case, the presence of the small E order parameter can be achieved by tuning the surface magnetic moment slightly away from the (111) direction with a weak external magnetic field, which can change the distribution of the surface Majorana arcs. To illustrate that, we add only the momentum independent E order parameter m 7 · N 7 to the A 2 order h lχ,lc A2 (q ) for simplicity. If the magnetic moment is tilted to (112) direction, then the system still has odd Π parity, meaning that m 7,1 = 0. In this case, the C 3 symmetry of the distribution of surface Majorana arc is broken while its Π symmetry is preserved, which is exactly shown in Fig.5b . If the magnetic moment is tilted to (110) direction, then the extra term should be Π symmetric, meaning that m 7,2 = 0. As a result, the entire C 3v symmetry of the surface Majorana arc distribution is broken, which matches Fig.5c . peaks for the E order parameter are justified by the fact that M α 's are all 12 × 12 matrices with 12 eigenvalues and the E order parameter typically has no symmetries to ensure any degeneracy. To discuss A 1 and A 2 order parameters, we again transform all the symmetry operators to the eigenbases of C 3,d as discussed in the main text. By choosing the same convention (23, 24) in the main text, the representations of the symmetry operations other thanĈ 3 
